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§ 1 : Jensen Inequality

Recall Jensen 's Inequality :

Think
theorem 1.10 )

Let f " I → R be a convex function
,

I :  any interval

then for
any

×
.

,

"

, Rn E ( 0,1 ) Such that ¥,x;=1
,

for any X , ,
. . .

, ×n E I
, we have

f ( X
,

X
,  + ...  + xnxn ) f X. fk , )t ...  + Xnflxn )

(
"

value of linear combination E linear combination of valves
" )

If f is strictly convex ,
then

Equality holds ⇐s X. =xz= . . .=xn

Rmk Can replace
"

convex
" by

"

concave
"

,
with reversed

inequality instead
.



Ql ) ( Supp . Ex
.

3)

Show that for any x. y ,

> E 1 Ott ) with

×tYzt2=If
,

(a) sin x + siny +

sinzf
3¥

(b) sinxsinysinz f. 3ft

Show  that

qach
equalityholds iff ×=y=z= 'S

* )

Sol (a) Let f : 1 at ) → R be IO ) - since

Then f "lO ) = - Sino < 0
.

.

'

. f is strictly concave

Apply Thm 1 with X. = x.  = as = I :

tzsinx + ztsinyt tzsinz 3 sin 1×+452-1) = Bz

.

'

.
Six  + siny + sin z f 3¥

Strict concavity ⇒ l* ) is true
.



(b) Method I : by Jensen inequality

Taking log on both sides : suffices  to show

logsinx + log shy + log sinz £ log 1¥ )

Let f : ( 0
,

I ) → R be HO ) - log since

Then f
"

( O ) = - CSEO < 0
.

.

'

. f is strictly concave

Apply Thml with X. = x.  = x
,

= I :

}(logsinx+ log shy + log sin2) { log sin 1×+451)=IogBz
.

'

. logsinxt log shy + log sinzs3 log Ez = log 383

Strict concavity and logis strictly increasing ⇒ H ) is true
.

Method 2 : AM - GM inequality :

( sinxsihy sin  zj3< sinx + sing+ sirz g rz÷

-

'

. sinx siny sin z s 3ft

Equality condition of AM . GM ⇒ HA is true



Q 2) ( Supp .
Ex

. 4)

Show that for a ,b
,

c > 0
,

Aabbcc z ( atb¥)a+b+c

Sol Taking log on both sides
,

suffices to show

a log a  + blogb + clog c 2 latbtc ) log latte )

Let f : ( 0
, a) → R be I

xD
- xlogx

Then f "l×1= ¥ > 0 i.
.

f is strictly convex

Apply Thm 1 with a = x.  = x. = I :

zl @log a  + blogb + clogc)Zhatbjtloglatbst )



§ 2 : Integrability

Criterions
Let f :[ a. b 's → IR be banded

,

Recall Integrability Criterion I :

7hm ? ( Theorem 2.5 )

fe RE aib ] ←→ 5H)= 5- If )

where Rtaib ] = { Rieurian - Inteyrdble  functions  on [ a. b ] }

JH ) = infslf ; P )
p

5- H ) =
spup Elf :P )

If so
,

define fab f :  = 5H ) = { If )

Also
. recall Integrability Criterion I

Thm 3 ( Theorem 2.7 )

FERI aib ] ⇐ VE > 0
,

7 partition R such that

5l f

;D
- 5- ( f

:R
) < E



Q3 ( 557.1 Qll )

If 2 { in}
.

{ 0in}
,

such thatlinmllpnll --o=lnimlloinll

and linmstfipn ) Flinn Stfson )

then f¢R[ab ]

Pf WLOG assume linmstf ;pn ) > linmslf ; 0in)
,

Jlf ) = ILMJHSR ) ( Thm 2.4
' )

7 linmstf ; Pi ) C.' 5HiPn ) >

Stains
, .vn )

> linmstf ; 0in ) ( Assumption )

3 linmst :Qn ) list

:Qn)sStfioin
) .tn )

= 5- ( f ) ( Thm 2.4
' )

.

'

.
5th > § I f )

. By Thm 2
,

f¢R[ aib ]
.



Q4 ) ( Supp . Ex .6 )

Prove Cauchy Criterion for integrability :

ftp.aib ] ⇐> He > 0
,

7- S > 0 such that

for all P
,

'Q with IN
,

101<8
,

1st:P ) - st :o) )< E

Sol [ ⇒ ] Let E > 0 be given ,

TE Rtaib ] ⇒ 7- LEIR such That -78>0
,

V. iz with IRKS
,

1st :p ) - 4< E

Therefore
,

ftp.Q with IPI
,

I 'Ql< s
,

1st :p ) - SH ; 'Q)1f ISH :P ) - LI + IL - SH ; "QH

< £ + £ = E



[⇐] By Thm 3 : Given E > 0
,

suffices To find R st .

5HsR ) - SH ; R ) < E

By assumption ,

7- S > 0 s . t.tt P
,

Oi with lpl
,

links
,

ISH ; p ) - SH ;Q)1< £ - **

Pick  any
R with 1121<8

.
By Prop .

2.3
,

there exists two tugs Pi
,

"

R
'

such that

{
JH: R) - SHSR)s§SH ; R) - 5-HSRKEAlso

,
ISH .

'R ) - SHIRII < E ( by # )

Therefore
,

54
,

R ) - § ( f ,
R )

= ( 5H :p ) - SCER ) ) + ( SH ;D ) - slfspi ) ) + ISH ;D ) - Star ) )

<

£+£+§=E


